ESTIMATES FOR THE BOLTZMANN COLLISION OPERATOR 
VIA RADIAL SYMMETRY AND FOURIER TRANSFORM 



RICARDO J. ALONSO* AND EMANUEL CARNEIRO** 



Abstract. We extend the L p -theory of the Boltzmann collision operator by 
using classical techniques based in the Carleman representation and Fourier 
analysis, allied to new ideas that exploit the radial symmetry of this operator. 
We are then able to greatly simplify existent technical proofs in this theory, 
extend the range, and obtain explicit sharp constants in some convolution-like 
inequalities for the gain part of the Boltzmann collision operator. 



1. Introduction 

1.1. The Boltzmann equation. Let us assume that we have a large space filled 
with particles that are considered as mass points. Assume that these particles are 
interacting with a specific law and that the particles are not influenced by external 
forces. A good model to represent such dynamical system is given by the equation 

^ + v ■ V x / = Q(f, f) in (0, oo) x t" x R n . (1.1) 

The function f(t,x,v), where (t,x,v) £ (0, oo) x K™ x R n , represents the phase 
space density of particles which at time t and point x move with velocity v. The 
physical meaning implies that 

f(t,x,v) > 0. 

Equation (II. ip was derived by the first time by L. Boltzmann in 1872 in his studies 
of dilute gases. The term Q(f, /) is known as the Boltzmann collision operator 
and its purpose it to model the interaction of the particles. It is customary to split 
this operator in two, a positive and a negative part, which quantify the appearance 
and disappearance of particles in space-velocity at a given time t. Thus, for any 
suitable, measurable / and g we write 

Q(f,g) ■■=Q + (f,g)~Q-(f,g), 

where 



and 



Q + (f,g)(v):= / /(^(Ofldul.u-wjdwdt;,, (1.2) 
Q~(J,g)(v) := / / /(«)ff(«.)B(|u|,fi-w)dwdv,. (1.3) 
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The pair of symbols {v',v' t } represents the final velocities of two particles after 
interacting with initial velocities The relation between these is given by 

the formulas 

W ' = y + M an d ^ = V - M Wj 
2 2 
where V is the velocity of the center of mass of the particles, and u is the relative 
velocity between them, i.e. 

t/ v + v * a 

V := — - — and u := v — w*. 

The symbol u represents the unitary vector in the direction of u (u = u/\u\) and duj 
is the surface measure on the sphere S n ~ 1 . The function B(\u\,u ■ u>) is known as 
the collision kernel and it is common to assume that this function can be factored 
in two: a magnitude function and an angular function, 

B(\u\,u-L)) = <&Qu\)b{u-w). (1.4) 

The most commom models found in the literature assume that $(|u|) = \u\ x , for 
example the Maxwellian molecules model (A = 0) and the hard spheres model 
(A = 1). Also, for the angular part, it is customary to assume that b > and 

b(u ■ u>) duj < oo. (1-5) 

This condition, known as Grad's cut-off assumption, will be used throughout this 
paper. 

1.2. The Fourier transform approach. The classical theory on Boltzmann equa- 
tion establishes conservation of mass and energy for the solution. Therefore, the 
operator 

9 

at 

admits a well-defined Fourier transform in velocity, for almost every (t, x) € (0, oo) x 
R n , if applied to a solution of (jl.ip . namely 

df - - 

-jg+iVx-Vkf = Q(f,f) in (0,m)x1"xR", (1.6) 

where k is the variable in the Fourier space. This brings us to the problem of finding 
a reasonable representation for Q(f, /); preferably in terms of /, since the left-hand 
side of the equation (|1.6|) depends only on / (see [7] for a complete discussion). 

In the case of Maxwellian molecules such a representation was first figured by 
Bobylev in [2] and pj]. Denoting by Qo the collision operator in this case, he 
obtained 



Qo (/,/)(*) = + (/. /) (*) - Qo (/. /) (*) 

f(k+)f(k-)b(k-u;)du;-f(0)f(k) ( / b(u-cj)du; 



where k + and k~ are given by 



(1.7) 



2 2 y ' 

Our ultimate goal in this paper is to study the integrability properties of the 
positive part of the general Boltzmann collision operator defined in (|1.2[) . In order 
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to do this, we first study the Fourier transform of the gain term of the Maxwellian 
molecules operator 

0? (/,/)(*)= / f(k + )f(k-)b(k-cj)dw (1.9) 

from a harmonic analysis point of view. Motivated by representation (|1.9|) we define 
the following operator, for continuous functions g and h, 

V(g,h)(k)= [ g{k+)h(k')b{k-uj)duj. (1.10) 

The analysis of the bilinear operator V is the object of study in Section 2. The core 
result of this paper is Lemma [4J a radial symmetrization inequality, that allows 
us to reduce the study of the operator V to radial variables. By doing so, we are 
naturally led to consider the following measure spaces. Let b : [— 1, 1] — > R + be the 
angular part of the collision kernel, we will define the measure on [0, 1] by 

, re— 3 

d£(z) = b(2z - l)[z(l - z)]— dz. (1.11) 

Most of the constants in our estimates will be given in terms of the following integral 
reminiscent of the classical beta function 

(3 b (x,y) := / z x (l-zyde n (z), (1.12) 
Jo 

and, in this context, Grad's cut-off assumption (|1.5[) can be rewritten as 

/ 6(fc-w)dw = 2"~ 2 |S' n - 2 |/3 b (0,0)<oo. (1.13) 
For a G M, we will use the measure du a (k) = \k\ a dk on R™, and further require 

to state our first result. 

Theorem 1. Let 1 < p,q,r < oo with l/p + l/q = l/r, and a 6 K. // f/ie 
angular function b : [— 1, 1] — > R + satisfies (| 1 . 14[) £/ie bilinear operator V extends to 
a bounded operator from L p (M. n , dv a ) x L 9 (]R rl , dv a ) to L r (W l , dv a ) via the estimate 

WP(g,h)\\ Lr(Rn dl/a) < C \\g\\ L p (U n tdl , a) \\h\\ Lq(unAVa) ■ 

The constant 

C = C{n, a,p,q,b) = T~ 2 \ S n ~ 2 \ f3 b (-^, 

is sharp. 

Observe that if a > —n condition (|1.14p implies (|1.13p , and vice versa if a < —n. 
An interesting feature of Theorem 1 is that the sharp constant is found in terms of 
an integral condition for the kernel b rather than classical pointwise assumptions 
(for example, that b is bounded or vanishes near the endpoints). Similar integral 
conditions for other related inequalities (Povzner's lemmas) have been obtained in 
g], and 0. 
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1.3. Young's inequality. The L p -theory of the Boltzmann collision operator started 
with the works [5] and [6] of Carleman in 1932 and 1957. Later, Arkeryd in [1] ex- 
tended the theory and worked £°°-estimates, but it was not until Gustafsson [TO] in 
1988 that the convolution behavior of the Boltzmann collision operator was noticed. 
In his work, Gustafsson proves, by means of the Carleman representation [5] and 
the Riesz-Thorin interpolation theorem, estimates of the forrnj 

+ (g,h) ZCpWgWJhW,, (1.15) 
p 

with p > 1 and for a truncated version Q + of the collision operator. In the se- 
quel, he uses O 'Neil's interpolation result for convolutions [12] to conclude Young's 
inequality for this truncated operator: 

Q + (9,h)\l<C Ptq \\g\\ p \\h\\ q , (1.16) 

for all p,q,r > 1 such that 1/p + 1/q = 1 + 1/r. Since an intricate non- linear 
interpolation procedure is used in O'Neil's theorem, the constant C Pig is not explicit. 
More recently, Mouhot and Villani [UJ studied extensions of these previous results 
to different weighted L p and Sobolev spaces. 

We devote Section 3 of this paper to revisit and extend the L p -theory of the 
Boltzmann collision operator, proving a more general version of Young's inequality 
previously obtained by Gustafsson (10, Lemma 2.2]), Mouhot- Villani ([HI Theo- 
rem 2.1]) and Gamba-Panferov- Villani ([9j Lemma 4.1]). The novelty here relies 
mainly in two aspects: (a) we obtain Young's inequality for the full range p,q,r ; 
(b) our explicit constant is once more given in terms of an integral condition in 6, 
and therefore we do not have to assume that the kernel b : [— 1, 1] — > R + is bounded 
or vanishes near the endpoints. Moreover, our proof is elementary and relies on the 
machinery developed in Section 2. We briefly describe this result below. 

Let the weighted Lebesgue spaces L^(R n ) (p > 1, A £ 1) be defined by the norm 

ll/IU*( R ") = (7 \f(k)\ p (1 + \k\ pX ) dk) ^ . (1.17) 

Let r' > 1 be given. Recalling the integral operator (3b defined in (|1.12l) and (ll.ll|) . 
we will make the following assumption on the angular kernel b : [— 1, 1] — > M + 

ft oo. (1-18) 

Theorem 2. Let 1 < p, q, r < oo with 1/p + 1/q = 1 + 1/r. Assume that $(|u|) = 
\u\ x with A > and that the angular function b : [—1,1] — * M + satisfies (|1.18|) . 
The bilinear operator Q + extends to a bounded operator from L^(M") x L q x (M. n ) — > 
L r (M. n ) via the estimate 

||0 + (ff^)|| i r (H . ) <C|| 5 ||LS(R»)||fe|Uj(Rn ) . (1.19) 

The constant C may be taken as 

C = 2 X+n-l | 5 n-2| / 3 6 (_^ 7i _^_). 



^Inequalities tl. 151 - tl. 161 are presented in an informal way. The precise statements involve 
weighted Lebesgue spaces and smooth conditions on the kernel B. 
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2. Harmonic analysis approach to the Maxwellian molecules 

operator 

2.1. Radial symmetrization techniques. In this section we will work with an 
operator derived from the the Maxwellian molecules operator, in which B(\u\,u ■ 
uj) = b(u ■ ui). Assume that the angular function b : [—1,1] — > M + satisfies the 
Grad's cut-off assumption (|1.5p . For continuous functions g and h we define the 
bilinear operator, for k ^ 0, 

P(g,h)(k)= f g(k + )h(k-)b(k-uj)<3u, (2.1) 



where k + and k are given by 



k+\k\uj , , fc— Ifclw 

fc+ = L_L_ and fc~ = . (2.2) 

2 2 v y 

Recall here that we are denoting k as the unitary vector in the direction of k (i.e. 
k = k/\k\). From (|2.2j) we can easily infer that 

k = k+ + k~ and |fc| 2 = \k+\ 2 + \k-\ 2 . (2.3) 

The purpose of this section is to study the operator V defined in (|2.1[) . which 
can be seen as a special kind of convolution in the sphere. Motivated by the Riesz 
rearrangement inequality for the classical convolution, one might expect that the 
radial symmetry should also play a role here, namely, that we should be able to 
relate V(g,h) with V(g*,h*) where g* and h* are suitable radial symmetrizations 
of g and h. This is indeed the case, and in order to clarify this behavior, we start 
with the following Carleman type lemma. 

Lemma 3. Let f, g and h be in Cb(R n ) and b in C([— 1, 1]). Then 
f(k)V(g,h)(k)dk = 



g(x) f f{x + z) f 2W 



2"- 1 / 1^ / , . \nU Hz)b{^ -l)dn z dx, 



M J{x-z=0} \X + Z\ 



(2.4) 



where d7r 2 denotes the (n — 1)- dimensional Lebesgue measure in the hyperplane 
{x-z = 0}. 

Proof. We follow closely the ideas of Gamba, Panferov and Villani for Carleman's 
representation in [SI Lemma 16]. For a continuous function <j) we have 

<j)(uj)duj= [ (t>(z)s( l -^~)dz (2.5) 
Sn -i J Rn \ / 



where S(z) is the one-dimensional Dirac measure. From (|2.5[) we obtain 

f(k)T(g,h)(k)dk= f f f(k)g(k + )h(k-)5(^)b(k-z)dzdk, 



with fc ± = k± ^ z . We further set x = k + . For every k ^ fixed, this defines 
a linear map z i— » a; with determinant ■ Using this change of variables we 
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conclude that the previous integral is equal to 



f(k)g(x)h(k - x)5[ 2 ^-r k) ) b (k • [2x- k)) (if,)' 



dfc da;. 



f(k) 
\k\ n - 2 



g(x)h(k - x) S (\x\ 2 - x ■ k\ b (k ■ [2x - fc)) dk dx. 



(2.6) 



We now use a second change of variables, z = k — x, in (|2.6[) to obtain 



\7l— 1 



f(x + z) 
^2 9 



[x)h{z)8 (x ■ z)b {(x + z) ■ (x — z)j dzdx. 



\x + z\ 

To conclude, observe that, for i^O and any test function 

(f>(z)8(x ■ z) dz — \x\ 1 / (f)(z)dn z 

J{x-z=0} 



□ 



We are now ready to define the radial symmetrizations that will be used in this 
section. Let G = SO(n) be the group of rotations of M™, in which we will use the 
variable R to designate a generic rotation. We assume that the Haar measure dfi 
of this compact topological group is normalized so that 

dn(R) = 1. (2.7) 

/ G 

Let / £ L p (W l ), p > 1. We define the radial symmetrization /* by 

l 

/( /?,■) "d/,(/? i )'' 

G 



%(x) = [ l_\f(Rx)\ p MR)) ,ifl<P<oo. (2.8) 
and 

fL( x ) = ess s ^P\ y \=\x\\f(y)\ , ( 2 -9) 
where the essential sup in (|2.9[) is taken over the sphere of radius a; with respect to 
the surface measure over this sphere. The new function /* defined in (|2.8[) can be 
seen as an L p -average of / over all the rotations R G G and it satisfies the following 
properties: 

(i) /* is radial. 

(ii) If / is continuous (or compactly supported) then /* is also continuous (or 
compactly supported). 

(iii) If g is a radial function then (fg)p(x) — f*(x)g(x). 

(iv) Let dv be a rotationally invariant measure on R n . Then 

\f(x)\"du(x)= [ \f;{x)\t> dv{x). 

JR.™ JE" 

In particular, 

II/IU-(r») = WfZLw (2-io) 

Lemma 4. Let f, g, h be m C (M"), b in C([-l, 1]), and 1/p + 1/q + 1/r = 1, 
with 1 < p, q, r < oo. Then 



f(k)V(g,h)(k)dk 



< 



j;{k)V{g*X){k)dk. (2.11) 
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Proof. We use here representation (|2.4|) . If R is a rotation in M™, by a change of 
variables we obtain 



f(k)V(g,h)(k)dk 



= 2 r ' 



f(x + z) 



M J{xz=0} \x + z\ 

g{Rx) f f(Rx + Rz) 



dx 



< T 



\X\ J{x-z=0} \x + z\ 

\g(Rx)\ f \f(Rx + Rz)\ 



1 ] dn, dx 



(2.12) 



{x-z=0} \X + Z\ 



\h(Rz)\ b f ifj}j|p - 1 1 dn dr. 



Observe that the left hand side of (|2.12p does not depend on the rotation R. There- 
fore, when we integrate over the group G = SO(n) using (|2.7|) we find 



< 2 



f(k)V(g,h)(k)dk 
\g(Rx)\ 



f(k)V(g,h)(k)dk 



{x-z=0} \X + Z 



/lRf ' WM 'h(Rz)\b($$ s -l)d,..d,d,«Bi 



n-2 



(2.13) 



By Fubini's theorem and Holder's inequality we see that the right hand side of 

([235)) is 



= 2 r " 



\ \x+z\ A 



< 2 



n-l 



g(Rx)\\f(Rx + Rz)\\h(Rz)\d^R) 
{x-z=0} Jg \x\ \x + z\ 

1 1 

g(Rx)\" dfi(R)Y ( [ \f(Rx + Rz)\Pdv(R^" 

{x-z=0} \JG J \JG 



dir z dx 



\h(Rz)\ r dn{R)\ 



/ X X + z 



d7r z da; 



■>n — 1 



9q{x) r p {x + z) ( 2\x\ 



l{x-z=o} M \x + z\ n 2 
ft(k)V(g*,h*)(k)dk, 

and this concludes the proof. 



32 K( z ) b 



\x + z| 2 



1 d7r z da; 



□ 



Lemma 2] shows that, in order to obtain L p -estimates for the operator V, it 
suffices to consider its action on radial functions. We explain briefly how to reduce 
this problem to a one-dimensional analogue, and as we move on, we introduce some 
additional notation. 

Let / : R" -> R" be a radial function. We define the function / : R+ -> R by 



f(k) = f(\k\ 2 ). 



(2.14) 
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Observe that for any p > 1 and a £ K we have 

s |2 )p | fc |n+a-l d | A | dw 

(2.15) 



f(k) p \k\ a dk = I / /(|fc| 2 )P Ifcr+^Mlfclda; 
S"- 1 Jo 



/(a;)* d<(x), 

Jo 
where 

d<(x) = 2> +Q ~ 2) / 2 da;. (2.16) 
Hence, if we define the measure v a on R™ by 

du a (k) = \k\ a dk, (2.17) 

equation (|2.15[) translates to 



\Lp< 



,dv a ) = — 2 — ") P 11/ IU p (R+,dcr°)- (2-18) 

From definitions (|2.1| and (|2. 14p we observe that for radially symmetric functions 
g and ft we have 

V(g,h)(k)= { g(\k + \ 2 )h(\k-\ 2 )b(k-u)duj 



1 



(2.19) 



= |S- 2 | j_ x ~9 [\k\ 2 i±i) ft (V i^) 6(a) (1 - , 2 )^ d, 

/•l ri— 3 

= 2"~ 2 jS"^ 2 ! / g(|fc| 2 z) h(\k\ 2 (1 - z)) b(2z - 1) [z(l - z)]~ dz. 
Jo 

By defining the new measure on [0, 1], 

, n— 3 

d^(z) = &(2z - 1) [z(l - z)]~ dz , (2.20) 
and using (|2.14[) . we can rewrite equation (|2.19p as 

T(^h){x) = 2 n - 2 \S n - 2 \ [ g(xz)h(x(l -z))d&(z). (2.21) 

Jo 

The purpose of the next subsection is to study the new integral operator defined in 

2.2. The bilinear operator B(g, ft). Motivated by (I2.21| . for functions g : M+ -> 
R and ft : R+ -> R, we define B(g, ft) : M+ -> R by 

i% ft)(x) - / 3 (xz) ft(x(l - z)) d^(z). (2.22) 
Jo 

In what follows we will use the function /3b (x, y) already defined in the Introduction 
of this paper 

b (x,y) := f z x (l-z)y d£(z). (2.23) 
Jo 

The main result of this subsection is described below. 
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Lemma 5. For g e LP(R+,da%) and h e L q (M+,do%), we have 

\\®(9,h)\\ L ^ +tdaS) <(3 b (-^,-^) \\9\\ L ^ + , d<) \\h\\ Lg{R+td<y (2.24) 

where 1/p + l/q = 1/r, with 1 < p,q,r < oo. The constant 

C(n,a,p,q ) b) = lh(- a g t ,- ! % i ) (2.25) 

is sharp. 

Proof. Using Minkowski's inequality we obtain 

l 

||i%»|| L . (R+ , d<) < (f~ (J\g{xz)\\h(x(l-z))\d£(z)) da^x^j 

i 

< J (J™ \9{xz)\ r \h(x(l z))\ r do$(x)\ r 6&(z). 

(2.26) 

Next, we use Holder's inequality with exponents p/r and q/r in the inner integral 



\g(xz)\ r \h(x(l- z)) \ r da%(x) 

< \g(xz)\ p da%(x)Y (j™\h(x(l-z))\ 9 do%(x)) 



? (2.27) 



_ n-\-a _ n+a 

= Z~2p (l_ z )-2, || 5 || iP(K+ d<) |N| i5(R+idCTS) . 

The boundedness of the operator B proposed in (|2.24[) follows easily from (|2 . 2G[) 
and (H27J). 

To prove that the constant C(n,a,p,q,b) defined in (|2.25[) is indeed sharp, we 
exhibit a pair of sequences {g e } and {h e } with e — > satisfying 

llffc|lLP(M+,d<7°) = ll^ellL9(R+,dcr°) = 1) (2.28) 

for any e > 0, and 

lim\\B(g e ,h e )\\ Lr(K+AaS) = C(n,a,p,q,b). (2.29) 
Define the sequences by 



ge(x) ■■ 

and 

h e (x) 



e l/p x -(n+ a ~2e)/2p for Q < X < 1 , 

otherwise, 

e l/q x -(n+ a ~2e)/2q for < I < 1, 

otherwise. 



A direct computation shows (|2.28p . In order to prove (|2.29[1 . we estimate B(g e , h e )(x) 
in three different intervals, namely: 
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For < x < 1: In this interval, 

B(g e ,h e )(x) = t X ' r X -^+»-2e)/2r f -(„+a-2e) /2p _ ^-(n+a-2e)/2 g d ^b( z ) 

./0 

_ ,1/r -(n+a-2e)/2rn / n+g-2e n+a~2e \ 
~ t X ^ ^ 2p ' 2q J ■ 

(2.30) 

For 1 < a; < 2: In this interval we use the same estimate as before 

rl/x 

B(g e , h e ){x) = e 1/r X ~^+»-^)/^ / z -(n+ a -2e)/2 P ^ _ z y(n+ a -2e)/2 q 

Jl-l/x 



<T cM r ™-(n+a-2e)/2r a ( n±a-2e n+a-2e \ 
— e X ^6 ^ 2p ' 2q ) 



(2.31) 



For a: > 2: Here we have 

B(g e ,h e )(x) = Q. 

Therefore, 

||S(0 e ,/l e )||£ r(R+!dCTS) = ^ 

From (|2T30|) and (|2~3Tj) we conclude that, as e -> 0, 

(I)^/^- 2 ^- 2 ^)" and (II) £ ^0, 
which establishes (|2.29p and finishes the proof. □ 

2.3. Sharp i p -estimates for the operator V(g,h). We are now in position to 
prove Theorem [T] presented in the Introduction of this paper. Let /, g and h be 
in Co(R"). From Lemma U and a standard approximation argument we see that 
inequality (|2.11|) is valid for general angular functions b : [—1,1] — > R + satisfying 
the Grad's cut-off assumption (|1.13| . 

Proof of Theorem^ Let r' be the dual exponent of r. By duality and Holder's 
inequality, together with Lemma 3] applied to a function fi(k) = f(k)\k\ a , where 
/ G Co(M n ) and vanishes in a neighborhood of the origin, we have 



\\V{g, h)\\ Lr{R ,i A „ a) = sup 

ll/ll,',d„ Q =i 



f(k)V{g,h){k)du a {k) 



(2.32) 

< su P _ /_ f*,(k)v( 9 ;,h*)(k)du a (k) < 11^(^,^)11^^,^ 

ll/llr',d^ Q — 1 ' ~ 
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Combining ([2732]) with (2715)1 . ([2721) . (|2~24|) we obtain 



r 2™ -2 IS" 1-2 



< 



v p qJ 

' nn-2 I on— 21 o / n+q n+a \ 

1 \ a —> 2^ J \\ 9 p\ 



L^R+.dCT") 



L«(B+,d(T^) 



nn—1 I on- 21 o [ n+q _ n+a \ ||„*|| 

1° I > Jb \ 2p ' 2<j J \\yp\\ LP (M n ,dv a ) H ^IlLS^.dr/o,) 



9"-2 I cn-2| o ( _n±a n+a \ II II 

z 1° I ^ b I 2p ' 29 J \\y\\LP(M^,du c 



) ll"lll,<!(]St™,di/ a ) 



The fact that the constant is sharp follows easily from the sequence of functions 
constructed in the proof of Lemma [5] □ 



3. Young's inequality for the gain collision operator 

The goal of this section is to prove the Young's inequality for the gain term of 
the Boltzmann collision operator Q + , in the case of hard potentials, proposed in 
Theorem [21 We start with a simple lemma that relates the full collision operator 
and the Maxwellian molecules operator by means of the operator V(g,h) studied 
in Section 2 (this is related to equation (2.6) in [H]). Throughout this section we 
may assume that all the functions are nonnegative (motivated by the solutions of 
the Boltzmann equation) to avoid technicalities when defining some integrals. 

In what follows we denote the translation and reflection by 

r v g(x) := g{x — v) and Tlg(x) := g(—x). 

Lemma 6. Assume that the kernel 

B(\u\,u- uj) = $(\u\)b(u ■ uj) 

satisfies $ G C(R+) and b E C([-l, 1]). Assume also that g,h<E C (M. n ). The full 
collision and the Maxwellian molecules operator are related by the formula 

Q+(g,h)(v)= f <P(\k\)P(T_ v g,T„ v h)(k)dk. (3.1) 

JR" 

Proof. This relation is a consequence of Carleman's representation ([51 Lemma 16]) 
Q+(g,h)(v) = 

/ 9{X ^ V) I HZ + V \ B(-(x + z), fft ■ f=±) dn z dx. (3 ' 2) 

/ U*. / I i in — 2 I V 1 V z+z £+z / 

JR™ R J{x-z=0} \X + Z\ V I ' / 

Note that if B(\u\, u ■ uj) can be expressed as a product of a magnitude part by an 
angular part one obtains 

B (-(x + A f±fr • = §(\x + z\)b( . . 

V v J \x+z\ \x+z\ J vl u \\x+z\ \x+z\ J 

However, in the hyperplane {x ■ z = 0} the angular part reduces to 

x + z x — z 2|a;| 2 ^ 
\x + z\ \x + z\ \x + z\ 2 
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and we conclude that 
Q+(g,h)(v) = 

2-W 9{X + V) [ ^ X + Z] l h(z + v)b(M,-l)d„dx. (3 ' 3) 



M J {x . z =o} \x + z\ n - 2 1 ' VF+TF ) 
Now it is just a matter of comparing the expressions (|3.3p and (|2.4[) . □ 

Proof of Theorem® First we consider /i G Co(M n ) and b <E C([— 1, 1]). From 
Lemma |6] we can write 

I:= [ f(v)Q+(g,h)(v)dv= f f f(v)V(T. v g,T. v h)\k\ x dkdv, 



and from the definition of the operator V in (|2.1| . with a change of variables 
v — * f — fc + we obtain 

7= / / / g(v)f{v-k + )h(v- \k\uj)b(k ■ to) duj\k\ x dkdv. 

We now transform the integration on k into polar coordinates 

1= f f f f g(v)f{v-k+)h(v- |fc|w)6(fc- w)dwdfc|fc| A+n - 1 d|fc|dw. 

By defining x — \k\uj we come back from polar coordinates to 

1= [ [ [ g(v)f{v - x+)h(v - x)b{k ■ x)dk\x\ x dxdv , 

JW n JR" JS™- 1 

and finally, by just relabeling the variables we arrive at the form that will be 
convenient to us 

I=J J g(v)h(v-x)(j f{v - x + )b('k ■ x)df?j \x\ x dxdv 

g{v)h(v - fc) V(R.T- V f, 1)0) |fc| A dfcdv . 

Using the inequality 

\k\ x <2 x (\v\ x + \v-k\ x ), 

for A > 0, we conclude that 

I < 2 A f [ g(v)\v\ x h(v-k)V(UT^ v f,l)(k)dkdv 

+ 2 A / / g(v)h(v-k)\v-k\ x V(KT- v f, l)(k)dkdv 

JR™ Jl» 

:= A + B. 



(3.4) 



Our objective now is to bound conveniently the expressions A and B appearing in 
(|3.4|) . This will be accomplished by means of Holder's inequality with exponents 
l/V + l/V + l/r = l and Theorem [TJ We simplify the notation by writing g\(v) = 
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<7(i>)|i>| A , and start with the analysis of A, 

A = 2 X I / ($A(v)£fc(v-fc)r) (g X ( V )7V(R.T- v f, l)(k)7 

h(v - kyv{nT- v f,i)(k)7\ dfcdu 

i j_ 

<2 x (f [ g x (v) p h(v-kydkdv) r ( [ [ g x {vyr(1lT^ v f,l)(k) r 'dkdv) 9 ' 

(/ / /l ( w " fc ) <?7, ( 7eT -"^ 1 )( fc ) r ' dfcdw ) P 

:=2 X A 1 A 2 A 3 . 

(3.5) 

We now obtain the bounds for A t , i = 1, 2, 3. First observe that 

= {MUu^U^Y ■ (3 - 6) 

Using Theorem [T] we find 



< 



(3.7) 



where the constant C 2 is given by Theorem [T] 

C 2 = 2"- 2 |S"~ 2 | ft (-£r,0) < 2"- 2 15"" 2 | ft (-^, -fr) . (3.8) 
The remaining term A 3 , under the change of variables v — > u + fc, becomes 



A 3 = U J & h( v yr(i,T- v f)(ky dkdv 

and therefore, using Theorem [1] again, 



A 3 = ^M^||P(l,r-,/)||^ (M „ ) d« 

< (J h(v)"C r 3 ' Wr^fW^^dv^ * = (CI \\h\\ 



(3.9) 

i 



L<J(B") H^lli'-'(R ' 



where the constant C 3 is given by 

C 3 = 2 n - 2 \S n - 2 \f3 b (0, -£) < 2"- 2 15"- 2 | ft -£) . (3.10) 

Combining expressions (|3 . 5[) - (|3 . 1 0|) we obtain 



A < 2 x Ai A 2 A 3 



< 2 A+ "- 2 \S n - 2 \[3 b (-277,-^7) |]/||^ (K ») \\9x\\L* m \\h\\ LW . 



(3.11) 
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Proceeding analogously for the B term defined in (|3.4|) we will find 

B < 2 A +»- 2 \S n - 2 \[3 b -£,) ll/H^^n) \\g\\ Lm \\hx\\ L ^)- (3.12) 
Combining equations (|3.1ip and (|3 . 12[) we arrive at 
I < A + B 

< 2 A+ - 2 1^"- 2 | & \\f\\ L r> (hxh* \\h\\ L , + \\g\\ L » \\h x \\ Lq ) (3.13) 

<2 A+ - 1 |^ 2 |^(-2^'-2^) ll/II^CR-jllflllzSCR-jll^lUjCR-). 
Inequality ()1 . 19() now follows from (|3. 13|) by duality. By a standard limiting argu- 
ment (using monotone convergence, for example) we can extend inequality (|1.19p 
for any angular kernel b : [—1,1] — > M + that satisfies condition (| 1 . 18|) . This finishes 
the proof. 

□ 

Acknowledgments 

We would like to thank William Beckner for the fruitful discussions on the radial 
symmetrization techniques, especially on Lemma HI a core result in this paper. We 
are also thankful to Irene Gamba for her valuable suggestions and for bringing to 
our attention some of the references on the subject. 

References 

[1] L. Arkeryd, On the Boltzmann equation, Arch. Rational Mech. Anal. 45, (1972), 1-34. 

[2] A. Bobylev, Exact solutions of the nonlinear Boltzmann equation and the theory of relaxation 
of a Maxwellian gas, Teor. Math. Phys. 60, (1984), 280-310. 

[3] A. Bobylev, The theory of the nonlinear, spatially uniform Boltzmann equation for 
Maxwellian molecules, Sov. Sci. Rev. C. Math. Phys. 7, (1988), 111-233. 

[4] A. Bobylev, I. Gamba and V. Panferov, Moment inequalities and high-energy tails for Boltz- 
mann equations with inelastic interactions, J. Statist. Phys. 116, (2004), 1651-1682. 

[5] T. Carleman, Sur la theorie de l'equation integrodiffercntielle dc Boltzmann, Acta Math. 60, 
(1932), 369-424. 

[6] T. Carleman, Problemes Mathematiques dans la Theorie Cinetique des Gaz, Almqvist & 
Wiksell, 1957. 

[7] L. Desvillettes, About the use of the Fourier transform for the Boltzmann equation, Riv. 

Mat. Univ. Parma. 7, (2003), 1-99. 
[8] I.M. Gamba, V. Panferov and C. Villani, Upper Maxwellian bounds for the spatially homo- 
geneous Boltzmann equation, Arch. Rational Mech. Anal., to appear. 
[9] I.M. Gamba, V. Panferov and C. Villani, On the Boltzmann equation for diffusively excited 
granular media, Comm. Math. Phys. 246 (2004), no. 3, 503-541. 
[10] T. Gustafsson, Global L p properties for the spatially homogeneous Boltzmann equation, 

Arch. Rational Mech. Anal. 103, (1988), 1-38. 
[11] C. Mouhot and C. Villani, Regularity theory for the spatially homogeneous Boltzmann equa- 
tion with cut-off, Arch. Rational Mech. Anal. 173, (2004), 169-212. 
[12] R. O'Neil, Convolution operators and L(p,q) spaces, Duke Math. J. 30, (1963), 129-142. 

Department of Mathematics, University of Texas at Austin, Austin, TX 78712-1082. 
E-mail address: ralonso9math.utexas.edu 

Department of Mathematics, University of Texas at Austin, Austin, TX 78712-1082. 
E-mail address: ecarneiro9math.utexas.edu 



